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Abstract
We study the effect of a non-trivial vacuum prescription on warm
inflation observables, namely the power spectrum of the comoving cur-
vature perturbation. Non-trivial choice of vacuum, can provide infor-
mation about trans-Planckian physics. Traditionally, the initial con-
dition for inflation is chosen to be the usual Bunch-Davies vacuum.
Another more reasonable choice of vacuum is the so-called α-vacua.
Because the duration of inflation is not infinite, as it is assumed in the
Bunch-Davies case, imposing the initial condition at infinite past is not
sensible and one must utilize another vacuum prescription. In this pa-
per, working in the slow-roll regime during warm inflation, the initial
condition for inflaton fluctuations is imposed at finite past, i.e. the
α-vacua. We show that this non-trivial vacuum prescription results
in oscillatory correction to the comoving curvature power spectrum,
which is scale dependent both in amplitude and frequency. Having ob-
tained this scale dependent power spectrum, we consider its late time
footprints and compare our results with observational data and other
proposed models for the comoving curvature power spectrum.
1 Introduction
Inflationary scenario [1, 2] has been introduced in the 1980s for solving the
shortcomings [3–6] of the standard Big Bang cosmology. In the old version of
inflation, which is called the (super-)cold inflation, a scalar field or inflaton
is responsible for the very rapid expansion of the Universe. The minimum
amount of inflation which will solve the old problems of the standard Big
Bang cosmology is about 60 e-folds. The period of inflationary phase should
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not last forever because under this circumstance the Universe becomes ex-
tremely dilute which is not compatible with observations. Therefore, there
must be a mechanism that terminates the inflationary period. Furthermore,
since after the end of inflation the hot Big Bang explosion must happen, this
mechanism must fill the Universe with relativistic particles and thus should
account for the reheating of the Universe.
In the traditional cold inflation scenario, it is assumed that the couplings
between the inflaton and other fields is relevant only during the reheating
period. In the other words, it is supposed that, the produced particles due to
these couplings quickly dilute because of the rapid expansion of the Universe
and therefore have no effect on the dynamics or consequences of inflation.
But, if inflation happens at the Grand Unification scale, i.e. 1015 − 1016
GeV, and we suppose that only one part in 1020 of the inflation’s potential
energy density is changed into radiation, the resulting temperature of the
Universe will be on the order of 1011 GeV. The triumph of the Big Bang
nucleosynthesis is based on the fact that the reheating temperature after
inflation should be below 109 GeV. Therefore, it is obvious that the effect
of this radiation bath at such high temperature can not be ignored [7–10].
In order to avoid this mysterious reheating period one can distinguish the
model of warm inflation, in which, during the period of inflation the Universe
is filled by a self-interacting radiation field and inflaton. In this interesting
scenario, the expansion of the Universe is driven by inflaton, while simultane-
ously, the decay of inflaton into radiation produces the thermal bath [11–15].
One important difference between warm inflation and the usual cold inflation
is the primordial fluctuations that are necessary for large scale structures
(LSSs) formation. These initial fluctuations for cold inflation are due to
quantum effects, while in warm inflation, the thermal fluctuations have an
essential role for the formation of LSSs [16–20].
Inflationary paradigm not only solve the conceptual problems of the stan-
dard Big Bang cosmology, but also provides the explanation for the origin
of LSSs of the Universe [21]. In the other words, the seeds of galaxies and
cluster of galaxies that we observe today is the fluctuations of inflaton field
that are generated during inflation. This mechanism is based on the fact
that the fluctuation modes that are well inside the Hubble radius at early
times, become larger than the Hubble radius at the end of inflation. Eventu-
ally, these fluctuations leave imprints on the cosmic microwave background
(CMB) radiation which can be observed today.
However, if inflation lasts only slightly more than 70 e-foldings (in models
which inflation starts near to the Grand Unification scale), then the wave-
lengths of the fluctuations that are currently inside the Hubble radius, were
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smaller than the Planck scale at the onset of inflation [22]. Since the physics
on scales smaller than the Planck scale is yet unknown, to understand the
origin and evolution of the fluctuation modes at very early times, some new
physics is required. This problem is called the trans-Planckian problem of
inflationary cosmology.
There are several approaches to attacking the trans-Planckian problem of
inflationary cosmology; see [23–29] for original related works. In [26], which
is the subject of the present work, the trans-Planckian problem has been dis-
cussed from the viewpoint of the choice of vacuum. Traditionally, the initial
condition for inflaton fluctuations is chosen to be the so-called Bunch-Davies
vacuum [30]. In the Bunch-Davies vacuum prescription, it is implicitly as-
sumed that the infinite past is accessible and at this moment the spacetime
resembles Minkowskian. The critical idea behind the approach that has been
introduced in [26] is that since the duration of inflation is finite, therefore,
imposing the initial condition at infinite past may lead to inaccurate results.
Furthermore, one can not follow a given fluctuation mode to infinitely small
scales, because the current known physics is restricted to the scales larger
than the Planck scale.
In [26], the inaccessibility of the Minkowskian vacuum at infinite past is
justified by introducing a momentum cutoff Λ, and it is assumed that the
evolution of the fluctuation modes begin when the physical momentum k
related to a given fluctuation mode satisfy k = a(ti)Λ, where a(ti) is the
scale factor evaluated at the initial time ti, when the initial condition is im-
posed. In this work we use this interesting vacuum choice, which is known
as the α-vacua, in warm inflation. In the slow-roll regime, which we will
focus on it in this paper, we define zi ≡ −kτi = Λ/H(ti), where τi is the
initial conformal time and H(ti) is the Hubble parameter at the initial time
ti.
The remainder of this paper is organized as follows: In section 2, the basics
and definitions of warm inflation will be introduced. Section 3 is devoted
to the subject of perturbation theory in the framework of warm inflation.
After calculating the inflaton and metric fluctuations, these quantities will
be used to obtain the comoving curvature perturbation. The initial con-
dition for inflaton fluctuations will be imposed at finite past, which is the
definition of the α-vacua. The power spectrum of the comoving curvature
perturbation will be considered and we show that there is a significant and
observable difference in using the Bunch-Davies vacuum and the α-vacua.
In section 4 we perform the Planck Likelihood Analysis and compare our
result with observational data. We end up with conclusion in section 5.
Throughout this paper we use M2Pl = (8piG)
−1 and mostly positive metric
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signature, (−,+,+,+). Furthermore, the superscripts BD and α refers to
the Bunch-Davies vacuum and the α-vacua, respectively.
2 Warm Inflation Scenario
Before proceeding further, let us review the main aspects and definitions
that we will encounter in warm inflation scenario.
2.1 The Dynamics of Warm Inflation
In warm inflation, in order to avoid the reheating period, the inflatons must
decay into a significant amount of particles during the inflationary period,
and thus we will have a smooth transition from the inflationary phase into
the radiation dominated stage. Usually, it is assumed that these produced
particles create a thermal gas of radiation with temperature T . The pro-
duction of the radiation can be considered by introducing a damping term
in the equation of motion for inflaton, which will be
φ¨+ (3H + Υ)φ˙+ ∂φV = 0 (1)
where φ(t) is the inflaton field, H(t) is the Hubble parameter, Υ(φ, T ) is the
friction coefficient, and V (φ, T ) ≡ V0(φ) + VR(φ, T ) is the thermodynamic
potential. Here V0 is the potential energy density of inflatons which also
appears in the usual cold inflation scenario and VR is the potential energy
density of free radiation field plus a thermal correction due to the interaction
of inflaton with radiation. Therefore in the Friedmann equations, we must
include the total energy density and the pressure [15]
ρ = ρφ + ρR =
1
2
φ˙2 + (V0 + VR) + sT
p = pφ + pR =
1
2
φ˙2 − (V0 + VR)
(2)
in which s and T are the entropy density and the temperature of the ra-
diation, respectively1. Subtracting the two equations in (2) and using the
1In classical thermodynamics [31], the Helmholtz free energy A is defined by A =
E − TS, where E, T , and S are the energy, temperature, and entropy of the system,
respectively. These quantities together with pressure p, and the volume L3 of the system
are related through the Euler’s relation, i.e. E = TS − pL3. Comparison of these two
expressions gives A = −pL3. This relation simply states that the pressure of the system
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known facts that ρφ − pφ = 2V0 and 2 ρR + pR = sT , we conclude that
VR = −pR. As mentioned before, the pressure of radiation is the minus of
the Helmholtz free energy density A/L3, and therefore VR = A/L
3. The
calculation of the Helmholtz free energy of a radiation field has been done
in the framework of finite temperature quantum field theory and the result
for VR(φ, T ) is [32, 33]
VR(φ, T ) = − 1
90
pi2g?T
4 +
1
2
(δmT )
2φ2 + ... (3)
where g?(T ) is the effective degrees of freedom of radiation field and δmT (φ, T )
represents thermal corrections. To obtain a relation for entropy density, it
is necessary to notice that in warm inflation, the decay of inflaton field is
responsible for the production of entropy. In general relativity, the conser-
vation of energy-momentum tensor reads
ρ˙+ 3H(ρ+ p) = 0 (4)
Substituting from Eq. (2) yields
φ˙φ¨+ φ˙∂φ(V0 + VR) + T˙ ∂T (V0 + VR) + s˙T + sT˙ + 3H(φ˙
2 + Ts) = 0 (5)
Using the equation of motion for inflaton in (1), ∂TV0 = 0, and ∂TVR =
∂T (A/L
3) = −s in Eq. (5), we arrive at
s˙T + 3HsT = Υφ˙2 (6)
Eq. (6) simply states that the entropy increases due to the increase of the
dissipation rate but decreases as the Universe expands. For highly relativis-
tic particles we have pR = (1/3)ρR which together with Eq. (2) and the
explanations after it, gives
ρR =
1
30
pi2g?T
4, VR = −1
3
ρR, sT =
4
3
ρR, s˙ =
1
T
ρ˙R (7)
is the minus of the Helmholtz free energy density. Differentiating A = E − TS leads to
S = −
(
∂A
∂T
)
E,S
2Defining the entropy and energy densities by s = S/L3 and ρ = E/L3, respectively,
we obtain
E − TS = A = −pL3 ⇒ sT = ρ+ p
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where the thermal correction term in Eq. (3) has been ignored. The first
equation in (7) is nothing but the usual Stefan-Boltzmann law. Because
by this approximation, i.e. pR = (1/3)ρR, we are treating the inflaton
field and the radiation as uncorrelated, this result is not far from what was
expected [14]. Taking into account the relations in Eq. (7), the differential
equation for the entropy density, Eq. (6), can be transformed into the
following differential equation for the radiation energy density
ρ˙R + 4HρR = Υφ˙
2 (8)
This differential equation for the radiation energy density is more intuitive
than that one for the entropy energy density, i.e. Eq. (6). Eq. (8) indicates
that the radiation energy density increases due to the dissipation rate Υ and
decreases because of the Hubble expansion of the Universe. The factor of
four in front of H in comparison with three in Eq. (6) states that the radia-
tion energy density receives an extra decrease which is due to the redshift of
the radiation [34]. Collecting our results, we obtain the following equations
that completely determine the dynamics of warm inflation
H2 =
1
3M2Pl
(
1
2
φ˙2 + V0 + ρR)
φ¨+ 3H(1 + r)φ˙+ ∂φV0 = 0
ρ˙R + 4HρR −Υφ˙2 = 0
(9)
where parameter r = Υ/3H is the ratio of the thermal damping to the
expansion damping and for warm inflation r > 1. For the given functions
V0(φ) and Υ(φ, T ), the above equations completely determine the dynamics
of warm inflation, that is the time evolution of the scale factor a(t), the
inflaton field φ(t), and the radiation energy density ρR(t). With ρR(t) in
hand, one can straightforwardly calculate s(t) and T (t) by using relations
in Eq. (7). However this procedure is complicated and usually the slow-roll
approximation is used.
2.2 The Slow-Roll Parameters
One can simplify the warm inflation equations in (9) if the following condi-
tions are met
φ˙2/2 + ρR
V0
 1, φ¨
3Hrφ˙
 1, ρ˙R
4HρR
 1 (10)
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where we have also restricted ourselves to high dissipation regime, i.e. r 
1. By these conditions, we can neglect terms of the highest order in time
derivatives from Eq. (9) and the warm inflation equations become
H2 − 1
3M2Pl
V0 ≈ 0
3Hrφ˙+ ∂φV0 ≈ 0
4HρR −Υφ˙2 ≈ 0
(11)
As in the case of the usual cold inflation, the validity of the slow-roll ap-
proximation is controlled by the slow-roll parameters. There are four leading
order slow-roll parameters in warm inflation
 =
M2Pl
2
(
∂φV0
V0
)2, η = M2Pl
∂φ∂φV0
V0
,
β = M2Pl
∂φV0
V0
∂φΥ
Υ
, δ =
T∂T∂φV
∂φV
(12)
The first two of these, are the usual cold inflation slow-roll parameters
whereas the second two are the characteristic of warm inflation. Using the
first inequality in Eq. (10) and the slow-roll conditions in (11), we conclude
that
 2r (13)
where we have assumed that r  1. On the other hand, by differentiating
the first equation in (11) with respect to the time and using the second
equation to eliminate φ˙, we obtain the following useful relation 3
− H˙
H2
=

r
(14)
By using Eqs. (11), (12), (14), the second and third inequalities of (10) yield
φ¨
3Hrφ˙
=
β − η
3r2
 1 =⇒ β − η  3r2
ρ˙R
4HρR
=
β
4r
− η
2r
+

4r
 1 =⇒ β
4
− η
2
+

4
 r
(15)
Now, the slow-roll conditions in Eq. (10), translate into constraints on the
slow-roll parameters , η, and β, i.e. Eqs. (13) and (15) [15]. Using these
3For a nearly exponential inflation, we must have |H˙|/H2 < 1 which requires  < r.
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three equations, one can easily conclude that the slow-roll approximation
holds as long as , η, and β are much smaller than r. In the next section,
when we consider the perturbation theory in warm inflation, Eqs. (13) and
(15) will be very beneficial.
3 Perturbation Theory
Perhaps, the most important triumph of inflation is that it provides a con-
vincing explanation for large scale structures of the Universe which we ob-
serve today. In the usual cold inflation scenario the origin of these large
scale structures is usually considered to be the quantum fluctuations of the
inflaton field. Rather than quantum effects, in warm inflation, the origin of
these large scale structures is the thermal effects. This means that thermal
fluctuations in the radiation, will cause the inflaton to fluctuates. There-
fore it is necessary to calculate the inflaton perturbations due to the thermal
fluctuations of the radiation. Then we evaluate the effect of inflaton fluctua-
tions on the metric. Finally, the metric fluctuations will be used to calculate
the power spectrum of the comoving curvature perturbation.
3.1 Inflaton Perturbations
Adding a small perturbation to background inflaton field, i.e. φ → φ + δφ,
and using the unperturbed inflaton equation in (1) we arrive at the following
equation for inflaton perturbations
δφ¨+ (3H + Υ)δφ˙− (
~∇
a
)2δφ = 0 (16)
where we have ignored (∂φ∂φV0)δφ, because according to Eq. (12) this term
is second order in small parameters. Until now, Eq. (16) does not include
the effect of radiation that produces thermal perturbations. The influence
of radiation can be included by adding an extra noise term ξ(~x, t) to the
right hand side of Eq. (16). This procedure is called the Schwinger-Keldysh
approach to non-equilibrium field theory which describes the interaction of
a scalar field with radiation [35, 36]. After adding the extra noise term,
the resulting equation which describes the evolution of a scalar field in the
presence of radiation is just a Langevin equation [37,38]
δφ¨(~x, t) + (3H + Υ)δφ˙(~x, t)− (
~∇
a
)2δφ(~x, t) = ξ(~x, t) (17)
8
Doing the Fourier transform over ~x we obtain the following equation for the
evolution of perturbation modes δφk(t)
δφ¨k(t) + (3H + Υ)δφ˙k(t) + (
k
a
)2δφk(t) = ξk(t) (18)
where δφk(t) and ξk(t) are the Fourier transforms of δφ(~x, t) and ξ(~x, t),
respectively. Usually, it will be assumed that the noise term has a Gaussian
distribution and is white. Under these assumptions, the correlation function
of the noise is Markovian [15,38]
〈ξk(t)ξ−k′(t′)〉β = 2ΥT (2pi
a
)3δ(3)(k − k′)δ(t− t′) (19)
where the subscript β means that averaging over the noise should be done.
The delta functions in Eq. (19) guarantee that the different modes that the
noise is composed of them, are perfectly well uncorrelated and this is the
definition of the white noise. It is straightforward to solve Eq. (18) under
the condition (19). In the appendix we have shown that after making a
change of variable from t to z(t) = k/ (a(t)H(t)), the solution of Eq. (19) is
δφk(z) =
pi
2H2
∫ zi
z
[Jν(z)Yν(y)− Yν(z)Jν(y)] z
ν
yν+1
ξk(y)dy (20)
where Jν(z) and Yν(z) are the Bessel and Neumann functions of order ν ≡
(3/2)(1 + r), respectively. As we stated in the appendix, for the slow-roll
inflation z = −kτ . Since we impose the initial condition at finite past, i.e.
the α-vacua, the upper bound of the integral is set to zi = −kτi. For the
usual Bunch-Davies vacuum, it goes to∞. The power spectrum for inflaton
perturbations is defined via
〈δφk(z)δφ−k′(z)〉β = (2pi
k
)3Pφφ(k)δ(k − k′) (21)
Substituting from Eq. (20) we obtain
〈δφk(z)δφ−k′(z)〉β = ( pi
2H2
)2
∫ zi
z
∫ zi
z
[Jν(z)Yν(y)− Yν(z)Jν(y)] z
ν
yν+1
×
[Jν(z)Yν(x)− Yν(z)Jν(x)] z
ν
xν+1
〈ξk(y)ξ−k′(x)〉βdxdy
(22)
The correlation function that appears in the above equation, can be rewrit-
ten using Eq. (19). To perform the integration, it is necessary to write the
integration variables dx and dy in terms of t. To do this, we note that ac-
tually we have x(tx) = k/ (a(tx)H(tx)) and x(ty) = k/ (a(ty)H(ty)). Using
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Eq. (A1) in the appendix, it can be easily seen that in the slow-roll approx-
imation, dx = −xHdtx and dy = −yHdty. Replacing these new integration
variables into Eq. (22) and then using Eq. (19), we obtain
〈δφk(z)δφ−k′(z)〉β =( pi
2H2
)2
∫ zi
z
[Jν(z)Yν(y)− Yν(z)Jν(y)]2 z
2ν
y2ν+2
×
(−yH)2ΥT (2pi
a
)3δ(3)(k − k′)dy
(23)
Comparison of Eqs. (21) and (23), leads to the following expression for the
power spectrum of inflaton fluctuations
Pαφφ(k) = −
pi2
2
ΥTz2ν
∫ zi
z
[Jν(z)Yν(y)− Yν(z)Jν(y)]2 dy
y2ν−2
(24)
Eq. (24) is the exact expression for the power spectrum of inflaton fluc-
tuations. As usual, we restrict ourselves to the times where a given mode
with physical wavelength k has crossed the horizon. This means that we
have k/(aH)  1 and thus the arguments of the Bessel and the Neumann
functions, z, are some positive number much smaller than unity. For small
real arguments, these functions have the following asymptotic forms [39]
Jν(z) ≈ 1
ν!
(
z
2
)ν , Yν(z) ≈ −Γ(ν)
pi
(
z
2
)−ν (25)
Substituting these asymptotic expressions into Eq. (24), we conclude that
for small values of z, the first term in the parentheses of (24) vanishes. Also
we can safely set the lower limit of the above integrals to zero. Therefore
the power spectrum will be obtained as follows
Pαφφ(k) =−
pi2
8
ΥTz2νY 2ν (z)z
3
i Γ(ν +
1
2
)×
2F˜3(
3
2
,
1
2
+ ν;
5
2
, 1 + ν, 1 + 2ν;−z2i )
(26)
where pF˜q(a1, ..., ap; b1, ..., bq; z) is the regularized generalized hypergeomet-
ric function which is defined as
pF˜q(a1, ..., ap; b1, ..., bq; z) =
pFq(a1, ..., ap; b1, ..., bq; z)
Γ(b1)...Γ(bq)
(27)
in which pFq(a1, ..., ap; b1, ..., bq; z) is the generalized hypergeometric function
[39]. Setting zi = Λ/H(ti), it follows that if we treat Λ as the energy
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scale in which some new physics emerges, i.e. Planck scale, Λ/H(ti)  1
[26]. Therefore we can expand the regularized generalized hypergeometric
function in Eq. (26) for large z2i . At the same time, we can approximate
the Neumann function by Eq. (25). The resulting expression for the power
spectrum is
Pαφφ(k) = −
√
piΥH
4
T
[
1−
√
2
pi
Γ(2ν)
(
Λ
H(ti)
)−2ν+1
cos
(
2Λ
H(ti)
− piν
)]
(28)
where we have substituted z = k/(aH), zi = Λ/H(ti), ν ≈ Υ/(2H), and we
have only shown the leading order correction. In obtaining the above result
we have used the following properties of the Gamma functions [39]
22νΓ(ν) = 4
√
pi
Γ(2ν − 1)
Γ(ν)− 12
,
Γ(ν + a)
Γ(ν + b)
≈ νa−b (29)
in which the first relation is known as the duplication formula and the sec-
ond one holds for large values of ν, high dissipation regime. It should be
mentioned that if instead of considering the leading term in the expansion of
Neumann function, Eq. (25), the next terms are included, we will get addi-
tional corrected terms to the power spectral function which are proportional
to the powers of k/a and will be ignorable if (k/a)2  HΥ. This inequality
defines a new physical moment, called the freeze-out moment [15], which
is the analogous of the horizon crossing moment for the cold inflation, i.e.
k/a = H, and defined by the following relation4
k
a
=
√
HΥ (30)
In order to clarify the definition of the freeze-out moment, we should keep in
mind that the evolution of the comoving inflaton fluctuation modes during
warm inflation are divided into three different regimes which are thermal
noise, expansion, and curvature fluctuations. The transmissions between
these regimes are called the freeze-out and the horizon crossing moments,
respectively. After the freeze-out moment, the gravitational perturbations
stop evolving [34].
It should be remembered that without the square brackets in Eq. (28),
the above result is the familiar power spectrum resulted from the Bunch-
Davies vacuum, which have been obtained in [15] and also in the context of
4The freeze-out moment happens sooner than the horizon crossing moment, because
earlier times correspond to greater values of z.
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the stochastic inflation approach in [40]. In [41], the evolution of curvature
perturbations during warm inflation has been discussed from the viewpoint
of the δN formalism.
3.2 Cosmological Perturbations
Now, we consider the metric fluctuations. First of all, we note that the
metric fluctuations appear in the form of the scalar, vector, and tensor
fluctuations. The tensor perturbations are believed to be the origin of the
gravitational waves and we do not consider them here. As it is shown in [42],
vector perturbations decay as the inverse squared of the scale factor and have
not played a significant role in cosmology. So, only the scalar perturbations
are important and we consider them here (for more details see [42, 43]).
The basic idea is that we write the spacetime metric, gµν , as the usual
FriedmannLematreRobertsonWalker (FLRW) background, g¯µν , plus a small
perturbation δgµν . This means that
gµν = g¯µν + δgµν =
(−1 + 2Φ 0
0 a2(1 + 2Φ)δij
)
(31)
where Φ(~x, t) is the scalar perturbation. The perturbed metric in Eq. (31)
has been written in the Newtonian gauge and by the assumption that the
anisotropic part of the stress tensor is absent [42]. The evolution of the
scalar perturbation Φ(~x, t) can be found by perturbing the Einstein field
equations. The non-zero components of the perturbed Einstein tensor can be
easily calculated [42]. The energy-momentum tensor has two contributions
from the inflaton field and the radiation. One can easily show that in the
slow-roll approximation, the dominant contribution is due to the inflaton
field and the contribution of the radiation can be ignored. To clear this
point, we note that in the slow-roll approximation, the total energy density
of the inflaton is dominated by its potential energy, which gives ρφ ≈ V0.
Then, using Eq. (11) and the definitions of  and r we conclude that
ρR ≈ 
2r
ρφ (32)
which is precisely what we have claimed. The energy-momentum tensor for
the inflaton field is Tµν = (∂µφ)(∂νφ)+gµνL, where L = −(1/2)gµν(∂µφ)(∂νφ)
−V0(φ) is its Lagrangian. Perturbing this energy-momentum tensor, the
12
non-zero components of the Einstein field equations read
3HΦ˙k + (
k
a
)2Φk =
1
2M2Pl
(φ˙δφk − 2ΦkV0 + δV0)
Φ˙k +HΦk =− 1
2M2Pl
φ˙δφk
Φ¨k + 4HΦ˙k + 4
a¨
a
Φk + 2H
2Φk =− 1
2M2Pl
(φ˙δφ˙k − 2ΦkV0 − δV0 + 2Φkφ˙2)
(33)
where Φk and δφk are the Fourier transforms of Φ and δφ, respectively. In
practice, it is very hard to solve the set of differential equations in (33).
The good news is that from the viewpoint of observational cosmology, one is
not interested in the explicit form of the function Φk(t). Comparison of the
inflationary models with recent observational data is done by considering
the comoving curvature perturbation R, which is a gauge independent mea-
sure of the deviation from FLRW metric. In Fourier space, this quantity is
Rk = Φk +Hδφk/φ˙. As mentioned before at the end of subsection 3.1, the
gravitational perturbation Φk becomes a constant at large scales. Therefore,
the scalar perturbation is given by the second equation in (33) where the
first term in the left hand side is neglected. Thus, the comoving curvature
perturbation Rk would be
Rk = Φk + Hδφk
φ˙
≈
(
− 1
2M2Pl
φ˙
H
+
H
φ˙
)
δφk =
(
− 
r2
+ 1
) H
φ˙
δφk
≈ H
φ˙
δφk
(34)
where we have used Eqs. (11) and (12) alongside with this fact that the
slow-roll parameter  is much smaller than r. Similar to Eq. (21), one
can define the power spectrum for comoving curvature perturbation Rk as
follows
〈RkR−k′〉β = (2pi
k
)3PR(k)δ(k − k′) (35)
Substituting from Eq. (28), the power spectrum for comoving curvature
perturbation would be
PαR(k) =
H2
φ˙2
Pαφφ(k) =
−
√
piΥ
4
H5/2T
φ˙2
[
1−
√
2
pi
Γ(2ν)
(
Λ
H(ti)
)−2ν+1
cos
(
2Λ
H(ti)
− piν
)] (36)
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Without the square brackets, the above result is the standard expression
for the power spectrum of the comoving curvature perturbation when the
Bunch-Davies vacuum was used [15]
PBDR (k) = −
√
piΥ
4
H5/2T
φ˙2
(37)
In order to show that the correction term in Eq. (36) is scale dependent, we
differentiate the initial condition k = a(ti)Λ with respect to k
dti
dk
=
1
Λa(ti)H(ti)
(38)
Using this and Eq. (14) evaluated at the initial time ti, we obtain
dH(ti)
H(ti)
= − (ti)
r(ti)
dk
k
(39)
Integrating the above equation and ignoring the k dependence of (ti)/r(ti),
we get
H(ti) = Hf (
k
kf
)−/r (40)
where Hf is the value of Hubble parameter at the time when the first scale,
kf , satisfies the initial condition [44]. Now let us to evaluate the power
spectrum of the comoving curvature perturbation at the horizon crossing
moment, tk. For this purpose, we must evaluate all quantities outside the
square brackets in (36) at the horizon crossing moment, tk. Differentiating
the horizon crossing condition, k/a(tk) = H(tk), with respect to k gives
dtk
dk
=
1
a(tk)[H2(tk) + H˙(tk)]
(41)
Using this and Eq. (14) at the horizon crossing moment, we obtain
k
H(tk)
dH(tk)
dk
= − (tk)/r(tk)
1− (tk)/r(tk) (42)
Integrating the above equation assuming that (tk)/r(tk) is small and the k
dependence of it is ignorable, gives
H(tk) = Hl(
k
kl
)−/r (43)
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where Hl is the value of Hubble parameter at the time when the last scale
kl has left the horizon. To obtain the k dependence of Υ(tk), we use Eqs.
(11), (12), (41), and r = Υ/3H. Thus
k
Υ(tk)
dΥ(tk)
dk
= −β(tk)
r(tk)
1
1− (tk)/r(tk) (44)
which leads to
Υ(tk) = Υl(
k
kl
)−β/r (45)
Using Eqs. (15) and (41), we obtain the following differential equation for
φ˙(tk)
k
φ˙(tk)
dφ˙(tk)
dk
=
β(tk)− η(tk)
r(tk)
1
1− (tk)/r(tk) (46)
which after integration gives
φ˙(tk) = φ˙l(
k
kl
)(β−η)/r (47)
Finally, we obtain the k dependence of T (tk). Note that using the third and
fourth relations in (7) and Eq. (15), we obtain two useful relations
ρ˙R
4HρR
=
s˙
3Hs
=
β
4r
− η
2r
+

4r
,
1
3
s˙
s
=
T˙
T
(48)
Using the above equations and Eq. (41) we get
k
T (tk)
dT (tk)
dk
=
[
β(tk)
4r(tk)
− η(tk)
2r(tk)
+
(tk)
4r(tk)
]
1
1− (tk)/r(tk) (49)
Integrating the above equation, we find
T (tk) = Tl(
k
kl
)β/4r−η/2r+/4r (50)
In Eqs. (45), (47), and (50), Υl, φ˙l, and Tl are the value of the corre-
sponding quantities at the time when the last scale kl has left the horizon.
It should be remembered that in obtaining these results, we have assumed
that (tk)/r(tk) is small and the k dependence of it is ignorable. Putting all
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these results into Eq. (36), the power spectrum of the comoving curvature
perturbation would be
PαR (k = a(tk)H(tk)) = Aα(
k
kl
)−
1
r [
9
4
(+β)− 3
2
η]×[
1−
√
2
pi
Γ(2ν)(
Λ
Hf
)−2ν+1(
k
kf
)(−2ν+1)/r cos
(
2Λ
Hf
(
k
kf
)/r − piν
)] (51)
where we have defined Aα ≡ −
√
piΥ
1/2
l H
5/2
l Tlφ˙
−2
l /2. The scalar spectral
index ns is defined through the relation
ns − 1 = d lnPR(k)
d ln k
(52)
Substituting from Eq. (51) we get
nαs − 1 =−
1
r
[
9
4
(+ β)− 3
2
η
]
+
2
√
2
pi
Γ(2ν)

r
(
Λ
Hf
)−2ν+2(
k
kf
)(−2ν+2)/r sin
(
2Λ
Hf
(
k
kf
)/r − piν
)(53)
where we have only shown the leading order correction. The first term in
the above equation is the standard scalar spectral index for warm inflation
when the initial condition is chosen to be the Bunch-Davies vacuum [15]
nBDs − 1 = −
1
r
[
9
4
(+ β)− 3
2
η
]
(54)
The second term in Eq. (53) shows that the leading correction due to the
α-vacua has an oscillatory behavior with scale dependent amplitude and
frequency.
4 Planck Likelihood Analysis and Comparison with
Observational Data
In this section we perform the Planck Likelihood Analysis on the trans-
Planckian power spectrum in Eq. (51), and compare the late time observ-
ables, such as the total matter power spectrum and the CMB temperature
anisotropies, with the Planck data. To do this job we use the CLASS (Cos-
mic Linear Anisotropy Solving System) code [45] alongside with the Monte
Python [46]. Also our sampling method is the Nested Sampling through
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MultiNest [47]. We begin by Eq. (51) and express this power spectrum in
the following form
PαR (k = a(tk)H(tk)) =Aα(
k
kl
)n
α
s−1×[
1− γ( k
kf
)(−2ν+1)/r cos
(
2ζ(
k
kf
)/r − piν
)] (55)
where we have defined
−1
r
[
9
4
(+ β)− 3
2
η
]
≡ nαs − 1,
√
2
pi
Γ(2ν)(
Λ
Hf
)−2ν+1 ≡ γ, Λ
Hf
≡ ζ (56)
In order to do this comparison more clearly, we also compare our result
with two other power spectra which has deviations from the standard power
spectrum in Eq. (37). Similar to our work, non-Bunch-Davies initial con-
ditions [24, 26, 48] or the axion monodromy model [49–51] lead to the loga-
rithmic modification of the comoving curvature power spectrum
P logR (k) = P0R(k)
{
1 +Alog cos
[
ωlog ln
(
k
k∗
)
+ φlog
]}
(57)
where the best-fit values for the free parameters of this power spectrum are
given in Table (1). Consideration of the boundary effective field theories
[52, 53] results in the linear oscillation of the power spectrum of comoving
curvature perturbation
P linR (k) = P0R(k)
[
1 +Alin( k
k∗
)nlin cos
(
ωlin
k
k∗
+ φlin
)]
(58)
in which the best-fit values of the free parameters are as in Table (1). For
completeness sake, we write Eq. (37) as
PBDR (k) ≡ As(k/k∗)n
BD
s −1 (59)
where the best-fit values of its parameters are given in Table (1). In what
follows we refer to this power spectrum as the ΛCDM model. Also, it
should be mentioned that during our comparison we set kl = 0.05Mpc
−1
and kf = 0.01Mpc
−1. The best-fit values of our trans-Planckian power
spectrum in Eq. (55) and the other cosmological parameters are given in
Table (2). In this table, ωb, ωcdm, and ΩΛ are the baryon, cold dark matter,
and dark energy contributions, respectively, h ≡ 10−2H0 is the present value
of the Hubble parameter in units of kms−1Mpc−1, τreio and zreio are the
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Table 1: The best-fit values of the free parameters of the ΛCDM Eq. (59),
logarithmic Eq. (57), and linear Eq. (58) primordial power spectra [54].
Model Parameter Best-fit
ΛCDM
As 2.215× 10−9
nB−Ds 0.9624
Logarithmic
Alog 0.0278
log10 ωlog 1.51
φlog/2pi 0.634
Linear
Alin 0.0292
nlin 0.662
log10 ωlin 1.73
φlin/2pi 0.554
conformal time and the redshift that the reionization occurs, respectively. In
Fig. (1) the power spectrum of comoving curvature perturbation has been
plotted for different models. The oscillatory behavior, with scale dependent
amplitude and frequency, of our trans-Planckian power spectrum in Eq. (55)
for small values of k is obvious.
The difference between the local density and the mean density as a function
of scale is called the matter power spectrum and this quantity plays an im-
portant role in the consideration of the structure formation in the Universe.
This quantity can be expressed as [55]
PMatter(q,Z) = 4
25
q4T 2(q)D2(Z)
H40 Ω
2
Matter
PR(q) (60)
where Z is the redshift, T (q) is the transfer function, D(Z) is the growth
function, H0 is the present value of the Hubble parameter, ΩMatter is the
matter density parameter, and PR(q) is the primordial power spectrum.
In Fig. (2) the total matter power spectra for different cases have been
shown. For better comparison, the relative difference of these total matter
power spectra with the ΛCDM model have been plotted in Fig. (3). The
footprints of primordial power spectrum can be seen in the anisotropies of
the CMB. In Fig. (4) the lensed CMB temperature anisotropy for different
primordial power spectra have been plotted. The preference of our trans-
Planckian primordial power spectrum in Eq. (55) over the logarithmic,
linear, and ΛCDM models is that for significant ranges of l, our model has
18
Table 2: Best-fit values for the trans-Planckian power spectrum in Eq. (55).
Parameter best-fit mean±σ 95% lower 95% upper
10+9Aα 2.149 2.158+0.019−0.021 2.12 2.196
nB−Ds 0.9633 0.9635
+0.0035
−0.0035 0.9567 0.9705
10+8γ 1.105 1.023+0.22−0.21 0.5856 1.455
10−4ζ 1.119 1.001+0.21−0.21 0.5286 1.477
10−3ν 1.104 1.002+0.22−0.19 0.5906 1.418
/r 0.0008451 0.0006968+5.7e−05−5.1e−05 0.0005696 0.0008052
100ωb 2.253 2.255
+0.014
−0.014 2.228 2.283
ωcdm 0.1107 0.1108
+0.0012
−0.0012 0.1084 0.1131
h 0.7102 0.7103+0.0057−0.006 0.6989 0.7218
τreio 0.08354 0.08544
+0.0044
−0.005 0.0764 0.09469
zreio 10.18 10.33
+0.37
−0.4 9.577 11.1
ΩΛ 0.7358 0.7355
+0.0067
−0.0064 0.7229 0.7484
− lnLmin = 0.297269, minimum χ2 = 0.5945
better matching with the Planck data. In addition, we have plotted 1D and
2D posterior contours in Fig. (5)
5 Conclusion
As we mentioned before, since the known physics is restricted to scales which
are larger than the Planck scale, one can not follow a given fluctuation mode
to scales which are smaller than the Planck scale. Therefore, the usual stan-
dard Bunch-Davies vacuum is not very trustworthy and one should resort
to another vacuum prescription. In this paper, unlike the Bunch-Davies
vacuum, the initial condition for inflaton fluctuations is imposed at finite
past, which this kind of vacuum is called the α-vacua. In [26,44], the effect
of the α-vacua on the inflationary observables for cold inflation is discussed.
In [26], it has been shown that this effect on the scalar power spectrum is
of the order Λ/H for de Sitter inflation, while in [44], we have shown that if
19
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Figure 1: Dimensionless primordial power spectra for different models.
Black, blue, red, and green lines are for the ΛCDM Eq. (59), trans-Planckian
Eq. (55), logarithmic Eq. (57), and linear Eq. (58), respectively. These
power spectra have been plotted by using the best-fit values for their free
parameters in Table (1) and Table (2). The ΛCDM power spectrum coin-
cides with the linear power spectrum when the oscillatory behavior of this
model not yet started.
one works in the slow-roll regime from the beginning, this effect is still of the
order Λ/Hf times a sinousoidal term which indicates the leading order cor-
rections in slow-roll parameters; see Eq. (88) of [44]. Here, Λ is some energy
scale in which the evolution of a fluctuation mode begins once k = a(ti)Λ, or
equivalently Λ is an energy scale in which some new physics emerges. Also,
Hf is the value of Hubble parameter at the time when the first scale kf sat-
isfies the initial condition, Eq. (40). Anyway, as we have shown in [44], this
non-trivial choice of vacuum leaves observational footprints on the CMB.
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Figure 2: Total matter power spectrum at redshift Z = 0 for different
models using the best-fit values in Table (1) and Table (2). The black, blue,
red, and green lines are for the ΛCDM Eq. (59), trans-Planckian Eq. (55),
logarithmic Eq. (57), and linear Eq. (58), respectively.
In the present work, we have considered the effect of this non-trivial vac-
uum prescription, α-vacua, on warm inflationary model. Warm inflation is
an alternative for cold inflation with no reheating period. Our final result
for the modified power spectrum of the comoving curvature perturbation,
i.e. Eq. (55), shows that the correction term in this case is proportional
to (Λ/Hf )
−2ν+1. Usually, one is interested in warm inflationary scenario
for high dissipation coefficient, and thus ν  1. Also, it is assumed that
Λ/Hf ∼ 104 [26]. Therefore our correction term is small, and due to the
factor (k/kf )
(−2ν+1)/r, the correction term will be significant only for small
values of k, where the oscillatory scale dependent amplitude and frequency
will be obvious; see Fig. (1). The scalar spectral index of warm inflation
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Figure 3: Relative difference of the total matter power spectra with ΛCDM
model at Z = 0 using the best-fit values in Table (1) and Table (2).
for the α-vacua has been calculated, Eq. (53), and we have seen that the
correction term is proportional to (/r)(Λ/Hf )
−2ν+2.
APPENDIX
In this appendix, we obtain the solution of Eq. (18) with the condition (19).
We define the new variable z(t) ≡ k/ (a(t)H(t)) and write Eq. (18) in terms
of this new variable. Using the chain rule, for any function f we have
df
dt
= −zH df
dz
d2f
dt2
= z2H2
d2f
dz2
+ zH2
df
dz
(A1)
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Figure 4: Lensed CMB temperature anisotropy. Black, blue, red, and green
lines are for the ΛCDM Eq. (59), trans-Planckian Eq. (55), logarithmic Eq.
(57), and linear Eq. (58), respectively. Black squares are the Planck low l
unbinned (TTLOLUNB) results. Black circles are the Planck high l binned
(TTHILBIN) results. The Planck data have been plotted at 1σ confidence
level. The interesting point in these plots is the better matching of our
trans-Planckian model with the Planck data.
where we have used Eq. (14) and in the slow-roll approximation we have
ignored those terms which are first and higher order in /r. Thanks to these
equations, the differential equation (18) can be written in terms of z as
z2H2
d2
dz2
δφk + zH
2
[
1− (3H + Υ) 1
H
]
d
dz
δφk + z
2H2δφk = ξk (A2)
To recast the above differential equation to a more familiar form, we do
a transformation as δφk → zν ˜δφk, where ν ≡ (3/2)(1 + r). Under this
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sent 1σ (dark contours) and 2σ (bright contours) confidence limits for the
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ized posterior probability distributions (solid lines) and mean likelihood
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transformation, the differential equation (A2) becomes
z2
d2
dz2
˜δφk + z
d
dz
˜δφk + (z
2 − ν2) ˜δφk = ξk
zνH2
(A3)
which is the inhomogeneous Bessel equation of order ν. At this point it is
more appropriate to write Eq. (14) in terms of the new variable H ≡ aH
and the conformal time τ which is defined through dτ = dt/a. Therefore
Eq. (14) would be

r
= 1− H
′
H2 (A4)
which prime means differentiation with respect to the conformal time τ .
Integrating the above equation and choosing suitable integration constants,
give
H = − 1
(1− /r)τ (A5)
which leads to H ≈ −1/τ in the slow-roll approximation and thus z = −kτ .
The range of conformal time τ is −∞ < τ < 0 and thus we have 0 < z <∞.
This is true only in the case of the usual Bunch-Davies vacuum, where the
duration of inflation is infinite and the Minkowskian past is accessible. But,
if we demand that the duration of inflation is finite, which is called the α-
vacua, instead of imposing the initial condition at infinite past, i.e. τ → −∞,
we must impose the initial condition at some initial time, say τi. Therefore,
our problem reduces to solving the differential equation (A2) subject to the
initial conditions ˜δφk(zi) = dδ˜φk(zi)/dz = 0. Using the Green’s function
method [39], the solution of Eq. (A2) can be expressed as
˜δφk(z) =
∫ τi
0
G(z, y)
ξk(y)
yνH2
dy (A6)
where G(z, y) is the Green’s function for this problem. First we note that the
homogeneous equation has two linearly independent solutions ˜δφk
(1)
(z) =
Jν(z) and ˜δφk
(2)
(z) = Yν(z), where Jν(z) and Yν(z) are the Bessel function
of the first kind and second kind (or the Neumann function), respectively.
In the region z < y, there are no boundary conditions and we are free to
write G(z, y) = C1(t)Jν(z) + C2(t)Yν(z). On the other hand, in the region
z > y, the Green’s function is G(z, y) = D1(t)Jν(z)+D2(t)Yν(z). Therefore,
we have
G(z, y) =

C1(y)Jν(z) + C2(y)Yν(z), 0 < z < y
D1(y)Jν(z) +D2(y)Yν(z), y < z < zi
(A7)
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Using the following relations for the derivatives of Bessel functions [39]
d
dz
Jν(z) =
1
2
[Jν−1(z)− Jν+1(z)]
d
dz
Yν(z) =
1
2
[Yν−1(z)− Yν+1(z)]
(A8)
we impose the boundary conditions at z = zi. Doing this, we conclude that
D1(t) = D2(t) = 0 and thus G(z, y) = 0 for y < z < zi. Now for the
region 0 < z < y, we impose the continuity of the Green’s function and the
discontinuity of its first derivative, i.e.
G(y−, y) = G(y+, y)
∂G
∂z
(y+, y)− ∂G
∂z
(y−, y) =
1
p(y)
(A9)
where p(y) = y2. The result of applying the above conditions are
C1(y) =
pi
2y
Yν(y), C2(y) = − pi
2y
Jν(y) (A10)
In obtaining these results, the following relation between the Bessel and
Neumann functions has been used [39]
Yν(z)
d
dz
Jν(z)− Jν(z) d
dz
Yν(z) =
2
zpi
(A11)
Therefore, the Green’s function for this boundary value problem is
G(z, y) =
pi
2y
[Jν(z)Yν(y)− Yν(z)Jν(y)] θ(y − z) (A12)
where θ(y − z) is the Heaviside step function. Finally, the solution of Eq.
(18) would be
˜δφk(z) = z
−νδφk(z) =
pi
2H2
∫ zi
z
[Jν(z)Yν(y)− Yν(z)Jν(y)] ξk(y)
yν+1
dy (A13)
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